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This article considers the relationship between the use of regressions and the use of
variance contrast methods to uncover social interactions. We illustrate how these
methods employ different identifying assumptions and are therefore complementary
approaches. We also provide formal identification results that extend existing ones
for the two methods. (JEL C12, C21, C23, Z13)

I. INTRODUCTION

This article is designed to understand the
relationship between two approaches to the em-
pirical analysis of social interactions. The first
approach is the use of linear regressions to
uncover social interactions. This approach
estimates social interaction effects through
changes in the conditional (linear) expectation
of individual outcomes when group-level var-
iables are included in the conditioning set. In
econometrics, this method was first analyzed
by Manski (1993), who dubbed it the linear-
in-means model since the group-level variables
are typically averages of individual variables
within the group. This model is also studied
by Brock and Durlauf (2001a, 2001b), Cohen-
Cole (2006) and Graham and Hahn (2005),
among others. Durlauf (2004) surveyed empir-
ical studies of social interactions based on such
regressions.

The second approach, originally proposed
by Glaeser, Sacerdote, and Scheinkman
(1996) and developed into a full inferential pro-
cedure by Graham (2005), who refers to this
approach as variance contrasts, uses intragroup
variation in behavior to infer social interac-
tions. The idea in this approach is that social
interactions will induce intragroup dependences

in behavior that affect sample variances for
intragroup outcomes. There has been relatively
little work evaluating social interactions using
variance contrasts. One reason is that with
the exception of Graham’s work, there is little
formal statistical theory for the approach.

The purpose of this article was to clarify the
relationship between regression and variance
contrast tests.We clarify how these tests employ
different informational assumptions to achieve
identification of social interaction. Specifically,
we argue that regression and variance contrast
approaches correspond to identification via
exclusion restrictions in the one case and covari-
ance restrictions on errors in the other. As such,
the two approaches replicate the classes of iden-
tification strategies that appear in the classical
simultaneous equations literature (see Fisher
(1966), for a classic treatment).

The remainder of the article is organized as
follows. In Section II, we define a general lin-
ear-in-means model and describe identifica-
tion from the regression perspective. Section
III provides identification analysis from the
perspective of variance contrasts. Section IV
concludes. As Graham’s analysis focuses on
peer effects in classrooms, we use that example
to motivate discussion.

II. THE LINEAR-IN-MEANS REGRESSION MODEL

We consider the analysis of a cross-section
data set that consists of observations on indi-
viduals in a set of groups. The number of stu-
dents in classroom g is mg, with support t1 ,
. . . , tk. Individual decisions xg,i obey

xg;i 5 k þ X#
g;icþ J �xg þ Y#

gd þ zg;ið1Þ

or
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xg;i 5 k þ X#
g;icþ JEg�xg þ Y#

gd

þ Jð�xg � Eg�xgÞ þ zg;i;

ð2Þ

where �xg 5 m�1
g

Pmg

i 5 1 xg;i denotes average
behavior within a group, and the expectation
Eg�xg is conditioned on information shared by
all agents in the group. The conversion of the
individual behavioral equation into one where
the behavior of i depends on the expected aver-
age behavior places the model in the form
studied in Manski (1993), Brock and Durlauf
(2001a, 2001b), etc. Note that for this equation
to have a self-consistent solution Eg�xg, it is
necessary that |J| , 1.

The regression approach to social interactions
assumes that zg,i is orthogonal to 1,Xg,i,Yg.How-
ever, no other assumptions are placed on the
unobservables. Unobserved group characteristics
are allowed so long as this orthogonality condi-
tion holds. Identification of social interactions
in thismodel requires that one is able to construct
an empirical proxy for Eg �xg that is not collinear
withXg,iorYg. Brock andDurlauf (2001a, 2001b)
showed that this requires that Xg,i is not linearly
dependent on Yg, which is equivalent to the clas-
sical rank condition for simultaneous equations
models. The sufficient condition for identifica-
tion, which has not been stated previously, is
given in Proposition 1.

PROPOSITION 1. Suppose the following con-
ditions are satisfied: (i) Xg,i consists of subvec-
tors X 1

g;i and X 2
g;i. In particular, dimðX 1

g;iÞ. 0.
(ii) Yg consists of subvectors Y

1
g and Y 2

g , where
the second vector, the contextual effects, is
defined by Y 2

g 5 �X 2
g ð : 5 ð1=mgÞ

Pmg

i 5 1 Y
2
g;iÞ,

while the first vector, the exogenous effects, is
linearly independent of �X 1

g . (iii) zg,j is orthogo-
nal to (1, Xg,i, Yg). Then, the parameters (k, c,
J, d) are identified.

III. THE VARIANCE CONTRAST APPROACH

Following Graham (2005), consider a sim-
plified version of Equation (1).

xg;i 5 k þ J �xg þ zg;i 5 k þ JE�xg

þ Jð�xg � Eg�xgÞ þ zg;i:

ð3Þ

Relativetotheregressionapproach,allobserv-
able individual and contextual controls are ruled
out. It is therefore evident why the regression
approach cannot work for this model: there are
noinstruments toconstructEg�xg inEquation(3).

Can identification still be achieved?
Graham (2005) showed that the answer is yes
when additional structure is placed on zg,i. Fol-
lowing a leading case in Graham, assume that

zg;i 5 ag þ eg;i;ð4Þ

where ag is a group-level unobservable and eg,i
an individual-level unobservable, a covariance
structure for zg,i of the form

VarðZgjmg 5 mÞ

5 r2
a

1 1 � � � 1

1 1 � � � 1

..

. ..
.

1 ..
.

1 1 � � � 1

2
66664

3
77775þ r2

e

1 q � � � q

q 1 � � � q

..

. ..
.

1 ..
.

q q � � � 1

2
66664

3
77775;

ð5Þ

where Zg 5 ðZg;1; . . . ; Zg;mg
Þ# and the matrices

are m � m, r2
a 5 VarðagÞ, r2

e 5 Varðeg;iÞ,
and q 5 Corrðeg;i; eg;i#Þ for i 6¼ i#. Note that
Corrðag; eg;iÞ 5 0 can be assumed without
any loss of generality. Following Graham,
these moments are assumed to be independent
of group size; this assumption is key in pro-
ducing identification.

Recall that Condition (iii) of Proposition 1
assumes that in the regression approach, any
groupeffectsarerandomratherthanfixed.There-
fore, the variance approachuses the sameorthog-
onality condition as the regression approach. In
the variance contrast approach, however, the
covariancestructure,Equation(5),isalsoimposed
to achieve identification; this is not needed for
identification in the regression approach.

While Graham developed identification for
a particular estimator,1 it is straightforward
to prove identification for this simultaneous
equations system based on covariance restric-
tion assumptions. This derivation, because it is
not estimator specific, can be generalized to
alternative specifications, as we demonstrate
with an example.

PROPOSITION 2. Suppose that (i) the
covariance structure of the errors in Equation
(3) is such that Equation (5) holds and (ii)
|q| , 1. If mg has at least two support points,
then J is identified.

1. Graham’s estimate of J is defined via ð1=ð1� JÞÞ2
5 fVar½�xgjmg 5 tj� � Var½�xgjmg 5 tl�g=fðtj � 1Þ�1

Var

½ðxg;i � �xgÞjmg 5 tj� � ðtl � 1Þ�1Var½ðxg;i � �xgÞjmg 5 tl�g:
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Proof. Define m � m matrices Hm and Im

Hm 5

1 1 � � � 1

1 1 � � � 1

..

. ..
.

1 ..
.

1 1 � � � 1

2
66664

3
77775;

Im 5

1 O

1

1

O 1

2
6664

3
7775;

ð6Þ

so that Equation (5) may be rewritten as

Vm 5 aHm þ bIm;ð7Þ
where Vm 5 Var(Z|m), a 5 r2

a þ qr2
e , and

b 5 ð1� qÞr2
e .

Observational equivalence of ð~J ; ~a; ~bÞ and
(J, a, b) with respect to the covariance struc-
ture may be written as the requirement that

VarðW jmÞ5
�
Im�

J

m
Hm

��1

Vm

�
Im�

J

m
Hm

��1

5

�
Im�

~J

m
Hm

��1
~Vm

�
Im�

~J

m
Hm

��1

;

ð8Þ
whereW5 (x1, . . ., xm)# and ~Vm 5 ~aHm þ ~bIm
holds for all values of the support of m. This
requires

~Vm5

�
Im�

~J

m
Hm

��
Im�

J

m
Hm

�
�1

�Vm

�
Im�

J

m
Hm

�
�1

�
Im�

~J

m
Hm

�

5Vm�
1�j
m

ðVmHmþHmVmÞ

þ
�
1�j
m

�
2HmVmHm#

ð9Þ

where j 5 ð1� ~JÞ=ð1� JÞ. Note that the par-
ticular variance structure of Vm is not needed
for Equation (9). Since HmHm 5 mHm, Equa-
tion (9) implies

~VmHm 5 VmHm � 1� j
m

ðmVmHm þ HmVmHmÞ

� ð1� jÞ2

m
HmVmHm

5 jVmHm � jð1� jÞ
m

HmVmHm

ð10Þ

and

Hm
~VmHm 5 jHmVmHm

� jð1� jÞHmVmHm

5 j2HmVmHm;

ð11Þ

both of which are also true under general Vm.
Substitute Vm 5 aHm + bIm and

~Vm 5 ~aHm þ ~bIm into Equation (11), this indi-
cates that j2 5 ð~amþ ~bÞ=ðamþ bÞ must hold
for any m in the support if observational
equivalence holds. This implies that ~a 5 j2a
and ~b 5 j2b, which implies ~Vm 5 j2Vm. Sub-
stitute ~Vm 5 j2Vm into Equation (9) to obtain

O 5 ð1� j2ÞVm

� 1� j
m

ðVmHm þ HmVmÞ

þ
�
1� j
m

�
2HmVmHm:

ð12Þ

Since Vm 5 aHm + bIm, Equation (12) sim-
plifies to

ð1� j2ÞbIm 5 ð1� j2Þ½aðm� 1Þ þ b�Hm:ð13Þ

Since Im and Hm are linearly independent,
Equation (13) is satisfied only if j 5 1
or equivalently ~J 5 J , which completes the
proof. j

The proof suggests some intuition behind the
argument of Graham that, even if the elements
in the variance covariance matrix of individual
outcomes depend on the group size, identifica-
tion still might be possible if group level charac-
teristics Yg are available and if appropriate
exclusion restriction assumptions are placed
on moments aðm; yÞ 5 r2

aðm; yÞ þ qðm; yÞ
r2
eðm; yÞ and bðm; yÞ 5 ð1� qðm; yÞÞr2

eðm; yÞ,
where r2

aðm; yÞ 5 Varðagjmg 5 m; Yg 5 yÞ
and so on. For example, analogously to Gra-
ham (2007), if aðm; yÞ is independent of y but
bðm; yÞ 6¼ bðm; y#Þby some ðy; y#Þ, identification
will be proven by contrasting VarðZjm; yÞ with
VarðZjm; y#Þand then following the same logic
as the above proof. In either case, identification
requires strong assumptions on the variance
structure.2

2. This discussion is based on private communication
with Bryan Graham.
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An alternative way to relax the assumption
on the moment restrictions is to utilize prior
information on the variance matrix structure
to substitute for the assumption. In Durlauf
and Tanaka (2006) we are studying how prior
information on social network structure can
substitute for the size invariance assumption
to produce identification.

IV. CONCLUSIONS

The upshot of this discussion is that regres-
sion and variance contrasts methods should
be regarded as complementary methods in
uncovering social interactions. The appropri-
ateness of one approach versus another
will depend on context. For the regression
approach, the fundamental information
requirement is that there exist observable indi-
vidual outcome determinants whose group-
level analogs do not directly affect behavior.
The variance contrast approach requires
stronger a priori assumptions on the variance
covariance structure of the unobservables. As
pointed out by Graham, a key assumption is
some sort of exclusion restriction on the var-
iance covariance matrix of the outcomes. For
Graham’s application of this general idea to
classrooms, it is assumed that the variances
of unobserved teacher quality and unobserved
student characteristics are not affected by the
number of students. It further requires that the
covariation between students is unaffected by
classroom size. This seems to us a very strong
assumption; we note that the Project Star data
used by Graham are drawn from an experi-
ment to study how classroom size affects stu-
dent outcomes, so that the experiment
presupposed that the assumption is false.

One limitation of both methods is that nei-
ther uses the information on social interac-
tions that presumably is embedded in the
choice of groups. The utility of information
on self-selection in identifying social interac-
tions has been explored in Brock and Durlauf

(2001b) and Ioannides and Zabel (2002); Eke-
land, Heckman, and Nesheim (2004) and
Nesheim (2002) illustrated how hedonic price
approaches can be used. Our conjecture is that
the joint analysis of group formation and sub-
sequent behavior is the next step in empirical
social interactions research.
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